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ABSTRACT

This work is a continuation and further development of the previously
published approaches to solve radiative transfer equation for seawater. The major
feature of these approaches isthat they do not imply any restriction on vaues of the
inherent optical properties.

The idea of this approach consists of the following: the radiance angular
distribution is split into three components: unscattered, single-scattered and
multiple-scattered components. Exact solutions for the first two components are
found. An approximate solution to the third, multiple-scattered component, is found
with the approach derived from the self-consistent theory. Because the magjor part of
radiance distribution is calculated precisely, the resulting precision of final
equations exceeds the precision of the self-consistent approach.
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1. INTRODUCTION

Radiance distribution of a sunlight reflected from a homogeneous shallow seais calcul ated.
The two different cases are considered: a ssmple homogeneous illumination by sky and sun, and an
illumination with a shadow in the form of infinite stripe.

Thiswork is a continuation and further devel opment of the previous approaches published in
Refs. [1-7].

In order to maximize the precision of the approach the radiance angular distribution is divided
into three components: unscattered, single-scattered and multiple-scattered components. Exact
solutions for the first two components are found. An approximate solution to the third, multiple-
scattered component, is found with the approach derived from the self-consistent theory [3].
Because the major part of radiance distribution is calculated precisely, the resulting precision of
final egquations exceeds the precision of the self-consistent approach.

In the last part of this paper a solution to the two-dimensional radiative transfer problem for
the sea shadowed by an opague body is found. The solution to the problem requires two different
theoretical approaches. The solution for the depth dependence of light radiance is obtained using
the theory of Green’s functions. The solution to the problem in horizontal direction is obtained
with the one-dimensional Fourier transform.

*  Further author information: e-mail: haltrin@nrlssc.navy.mil;
Telephone: 228-688-4528; Fax: 228-688-5379.
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2. HOMOGENEOUS SHALLOW SEA ILLUMINATED BY SUNLIGHT

Let usintroduce the following notations: Eg isirradiance by the sun on the sea surface,

ES = B¢/ pg isirradiance by the sun on the surface normal to the sun rays, pg = cosZg =sinhg is

the cosine of zenith angle Zg, hy = 90° — Zg isasun elevation angle.
The sun radiance above the sea surface will be

L2 = E3O(u~ 113) &(9), (1)

here o(x) isaDirac's delta-function [8], g = ,\;fl—sinz Z./n isacosine of penetration angle, n,
isthe seawater refraction coefficient.

If T, =1-R.(Z) isatransmission of sea surface, where R. isaFresnel reflection
coefficient from above, than the radiance below the sea surface is:

L(1.9) = Eyo(u - ps)o(¢), E;=ESTg, )

here E? istheirradiance by the sun on the surface normal to the rays just below the sea surface.
The one-dimensional scalar radiative transfer equation for the total radianceis|[9, 10]:

E{J%+CSL(ZJJ1¢) :%Idd)'-[ p(cosy) L(z 1, ¢ )du 3)

here ¢ = a + b isthe attenuation coefficient, a isthe absorption coefficient and b isthe scattering
coefficient of seawater, u = cos@, the direction of light propagation is determined by the zenith
and azimuth angles 6 and ¢, p(cosy) isthe scattering phase function, y isthe scattering angle

determined by y = cos™(upf ++/1— 11— cog ¢ —¢']).
Let us represent total radiance of light insidethe sea L asthedirect light radiance L, and the
sum of the radiances L, that represent nth order of scattering:

L=y bL,. @)

Substitution of Eq. (5) into Eq. (3) gives us the following equations for radiance
components:

g+ (2 ) =0, ®

DL,(z 1,¢)=bSL,_,(z u.¢), or

A n . (6)
L(z u¢) =bD'SL,,(z u.9) =bT L, ,(z11.9).

Operators D, Sand T in Eqg. (6) are defined asfollows:
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S d 0O 0
DF 1 M = —+C F 1 [ ) iy iy
(@u9)= p -+ FEue) ¢ b6 -
. 1 2m 1 A 2aa _ A A
SF(zp.9) = [d¢' [ pleosy) F(z ¢ )du O T=D S=GS
47-[ 0 -1 a
Operator G isaGreen's function of Eq. (3). It isdefined according to the following:
GF@)=[" Gz-2)F(2)dz , G(2)=H(z/ e ™" /|4, ®

Here H(2) isthe Heavyside' s or step function defined by (H(2) =1, z=0; H(z) =0, z<0).
Total scattering operator is.

2m 1

R 1 +00
TRz ¢)= 4—_[d¢’J'du' p(cosy) [dZ2G(z-Z)F(z, U .¢) . ©)
us 0 -1 —o0
Now, the total radianceis expressed as a following sum:
L=S b, L= b"T"L,, n=1, L(z u,¢) = )3 b"T"Ly(z, 1, 0). (10)
n=0 n=0

Let us start solving these equations.

3. SOLUTIONS FOR THE RADIANCE

The solution for direct (unscattered) radiance L, is straightforwardly obtained from the
Eq. (5) with the following boundary condition on the seasurface, L, (0, 4,¢) = L2 (4,9):

Lo(z.1.9) = ES &/ 4s3(p - 1) 5(9). (11)

Equation (6) for the single-scattered radiance can be written as:

L(zp.¢) = %L!dd)ld“' IO((BOS)/):LO'Z G(z-Z)L(Z, 1. ¢) . (12)

By substituting Eqg. (11) into Eq. (12), we have the following solution for single-scattered radiance
distribution:

_ E, p(cosys) _
Li(z,u,¢)——4nc| i [W.(z ) H(p) + W, (z W H(- p)], (13)

here
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e—cz/uS _ e—cz/y e—cz/uS

W,(z ) = BT Wy(z, 1) =cze ™, Y (z 1), ,=cz, Yy(z 1) = m (14)

For the required precision about 15-20% it is enough (see [11]) to calculate the next termin
expansion given by Eq. (10). The explicit solution for the next term can be received from the
following equation:

2m 1

L (Zu¢)‘ij’d¢ J’du IO(COSV)jdiG(Z Z)L(Z,U.¢), (15)

with L, given by Egs. (13)-(14) and G(2) by Eq. (8). The right boundary conditions has no
influence on upwelling radiance distribution, so we do not discuss them here.

4. SOLUTIONS FOR THE UPWELLING RADIANCE NEAR THE SEA SURFACE

Taking integralsin Eq. (15) and summing all required termsat z=0 and u <0, we have the
following solution for the case of homogeneous illumination:

_ Eyushb
L(O,u,9) = WHD(COSVS)+ Y, (L ¢)B M <0, (16)
here
COSY = U ++\/1— 1F \J1 - £ cos¢, (17)
WL(119) = Iulj (‘,’f[u"b) ke |J’x (L 9) (19

Xp(H,H9) = o [ cosy) Plcosyo)d g, ooy = K s+ /1= p* 1= e cosg. (19

5. HOMOGENEOUS SEA ILLUMINATED BY SUNLIGHT WITH SHADOW
Let us formulate atwo-dimensional problem that takes into account inhomogeneous over

horizontal axis Ox illumination. The two-dimensiona radiative transfer equation for the total
angular radiance distribution is:

o i 2 d b =
— +1-pu° cosp — +cOL(x,z,1,¢) =— [d¢' [ p(cosy) L(x,z i£,¢' )du , (20
gy * 1m0 0050 el (xz )= [0 [0S Lz #)H L (20
L et us define aone-dimensional Fourier transform by the following formul ae:

+00 +o00

&=LH@€WW, ””:féLﬁ&w“ (21)
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After taking Fourier transform Eqg. (20) transfers to a one-dimensional equation for the Fourier
amplitude L, (z,1,9):

0,9 0 2 ¢)=£2no|¢'l (cosy) L (z, i, ¢ )i c=clLikn), (22)
gz " ‘oBH 4n-([ -_[p Sitl ’ T=«/1—,UZCOS¢/C.’

Equation (22) may be obtained from the Eq.(3) by replacing the real extinction coefficient ¢
by the complex value ¢ given by the right side of Egs. (22). It means that the solution of Eq. (21)
can be obtained from the solution (16) by replacing all x-dependent values by their Fourier

transforms and all instances of the extinction coefficient ¢ by the ¢. Taking thisinto account, we
have the following solution to Eq. (22):

Eu Hsb b O
L.(0,1,9) = m%—)HJ(COSVs) + e (K ¢)H (23)

Now we only need to calculate a Fourier transform E,, of the x-dependent radiance
distribution

= }OEW(X) e dx. (24)

In our case the sun illumination incorporates a shadowing at —w < X <w, where w isahalf width
of ashadow. The angular-space distribution of undersurfaceilluminationis:

Lo (1,9) = E, () (u — 1s) 3(9), (25)
E,(X) = Ep[1- H(w —[x)] = ES{1-0.5[sign(w — ) +sign(w +x)}} , (26)

here sign(x) =|x|/x, i.e., sign(x) =1, x>0, sign(x) = -1, x <O.
The Fourier transform of the surfaceilluminationiis:

E,y = E %ncxk) —%sin(wk)ﬁ (27)

The x-dependent radiance distribution just below the sea surface is:

@ B [ 8(K) ~sin(wk)/(k7) .
e IR s GO 2(1+.k)‘”(“¢)9‘* dk (28)

By taking appropriate integraloéwe have the following solution for the undersurface upwelling
radiance distribution:

L(%,0,14,¢) = ﬂff%ﬁl— Fi(w.T, )] pleosy ) + “2[L- R w7, %], (1.0) (29
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F.(W,T,X) :%[Jl(w+x,r) +J,(W =XT) +J,(W =XT) =J,(W +xT )], (30)

F,(W,T,X) = J,(W+X,T) +J,(W —X,T) —%[Jl(w +X,T) +3,(W —X.T )]

(32)
+J,(W=X,T) = J,(W +X,T)
3(y.1) =gy (1-e™"1), sy =™, (32
3,(y,7) = sign(y) %— El +%‘%‘§e—wr E 3,(y,7) = QJ, %‘Ee—yn (33)
T=11- % cosp /c (34)

Far from the shadow in each direction (at \w—- x|, w+ x| >>|7|]) K - 0 and F, -» 0 and Eq. (29)
coincides with the equation for upwelling radiance (16) for homogeneous illumination. Equations
(29)-(34) include functions ¢, and x,, given by Egs. (18)-(19), that involve integrations over
angular variables ¢ and ¢ . In order to simplify these expressions let us substitute phase functions
[12-16] inside integralsin Eqs (18)-(19) by their transport equivalents:

pleosy) ~ 2B+2(L-2B) & u- ) A= ¢).
p(cosys) - 28+2(1-28)§)(H ) AP - ¢s), ¢s=0.0 (35)

B= 0.5J'_1 p(u)du. %

In this case after appropriate integrations we have:
X, (U, ', ¢) = 2Bp(u, ') + 2(1 - 2B) p(cosys), (36)
B ’ _inr ’
p(u, ') = 2HJ.’|0(cosy)d¢> , (37)
B(1- B) ug +(1-2B)?

wp(u,(p):4B(1—28)|/J|Iogl+|u| +4{ (=B s *( ) |/'l” (38)

J s+ ||

6. RADIANCE ABOVE THE SEA SURFACE
In order to calculate radiance distribution above the sea surface as a function of viewing

angles, we have to do the following: a) we should take into account the transmission by sea-air
surface from below by multiplying result by the transmission coefficient [1]:
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T (1) =1-R(W) =[1-R-(w] /ré. (39)
b) we should express cosine || through the zenith viewing angle 6:

= \1-sin*6/ng, (40)

It means that we should make the following two substitutions in Eq. (29):

1-R(u|[1-R(w)] C
E) L EOT ()T (1) = B " - Eg T (1Y) =1- R (1),
. ° - (41)
“E 1‘Ré(lvlgz) i‘wp(ll) | E LS = cosZ,
n, Us H

and

U - J1-sin’8/n?, (42)

here R: isaFresnel reflection coefficients of sunlight falling on the sea surface from above. The
coefficient R: isdetermined by the following equation:

a1 LOuu-nOh R
RF(M)_ZECWE Emwngg n=yn, —1+u". (43)

7. CONCLUSIONS

This paper presents an approach to calculate radiance distribution of a sunlight reflected from
a homogeneous shallow sea. The two different cases are considered: a simple homogeneous
illumination by sky and sun, and an illumination with a shadow in the form of infinite stripe.

In order to efficiently calculate radiative transport in seawater the radiance of light is split into
three components. unscattered, single-scattered and multiple-scattered light. Exact solutions for the
first two components are found. An approximate solution to the third, multiple-scattered
component, is found with the approach derived from the self-consistent theory. Because the major
part of radiance distribution is calculated precisely, the resulting precision of final equations
exceeds the precision of the self-consistent approach and liesin the range of 5-7%. The important
feature of this approach consist of the lack of restrictions on the values of inherent optical
properties. It means that this approach isvalid for any type of marine and lake waters.
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