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ABSTRACT

A very simple analytical expression for the shape of a pulse reflected from scattering and
absorbing seawater is obtained. The resulting equation can be used for algorithms connected with
the rapid assessment of optical water properties from remote platforms.

1.0 INTRODUCTION

Even though there is a multitude of publications devoted to the propagation of a light pulse through a
scattering and absorbing medium like seawater (see Refs. in Dolin and Levin, 1991), very few of them are practical
enough to be used in real-time detection agorithms, mainly because of the complexity of the resulting equations.
Instead, inadequate and oversimplified expressions are coded in many real detection programs. In this article an
attempt is made to derive a very simple analytical expression for the spacial-temporal shape of a light pulse
propagating in seawater. The resulting equation has a very simple form and depends parametrically on the
characteristics of the emitter and detector, as well as the inherent optical properties of water.

1.1 Emitter and Detector Parameters

First, let us specify the parameters of an emitter and detector. For simplicity, a Lambert-Gaussian detector is
assumed. Such a detector adequately emulates the majority of real detectors. The sensitivity of this detector is
regarded as Lambertian, i.e., it is independent of the angle of incidence of light. The sensitivity of the detector
surface declines with the distance p from the center of the detector according to the Gaussian law:

T, (p) =4k—;2exp(— ZZZJ , )

where p, isthe sensitivity radius which is defined by

21
Po=1—[To(P)P’dp, @
D 0

and Kk, isthe detection efficiency of the receiver

kp = ZET To(p)pdp. (©)

We assume an emitter that is Gaussian both over the angle and over the distance from the center. It emits an
infinitely short pulse represented by a temporal delta function. Such an assumption is mathematically convenient
because the response from any arbitrary-shaped pulse can be calculated by mere convolution of the delta-shaped pulse
response with the shape function of the real pulse (Morse and Feshbach, 1953). The energy density of the light pulse
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generated by this emitter is:

np® _21— nn°j6(t) ’ @

T-(t,p,n) =P expl —
e(t,p,n) 0AEp(4pé D,

where p is the distance from the center of emitter in the plane which is orthogonal to the direction of the pulse
propagation determined by the unit vector n,; n is a unit vector in the direction of propagation, t is the time, (t)
isthe Dirac delta function (Morse and Feshbach, 1953),

Ac ={4mD,p? (1- exp(~4/ D))} =1/(47D,p2) 5

isanormalization parameter adjusted in such away that P, isthe total energy of the pulse, p; is the average radius
of the pulse,

pE=TTE(p)p2dp/TTE(p)pdp, ©)
D, isitsangular dispersion, O O
D, = [ Te(p)sin®(0)dQ/ [ Te(p) dQ, ()
and P, isthe pulse power: ’ ’
P, = TdtTandp_[TE(t,p, n)ynn, dn. ®
e o

1.2 Inherent Optical Properties of the Water
Theinherent optical properties of the seawater are determined asfollows. Here a isthe absorption coefficient,

b is the scattering coefficient, c=a+b is the beam attenuation (or extinction) coefficient, b,=bB is the
backscattering coefficient, w,=b/c is the single scattering albedo, p(cosy) is the scattering phase function
normalized such that

11
SIpudu=1, u=cosy , ©)
-1

and B= 0.5]:01 p(u) du is the backscattering probability.
The scattering phase function is approximated by a superposition of two phase functions (Haltrin, 1985,

1988) asfollows:
p(u) == ) p, () + f p_(-u) . (10)
One of them, p, (w), is a phase function which is strongly anisotropic in the forward direction, and the other,

p_(u), is a phase function which is strongly anisotropic in the backward direction. These functions can be derived,
for example, from Petzold’ s phase functions (see Haltrin, 1997).

2.0 COMPUTATIONAL APPROACH

2.1 Initial Equations
The starting equation is the time-dependent transport equation for the light radiance L(t,r,n) of the pulse

[%% +nV, + c) L(t,r,n)= %S{ L(t,r,n’) p(nn’)dn’ , (11)
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where r = (X,Y,2) =(p,2) isthe spatial coordinate. Both Cartesian and cylindrical coordinates are used here. In both
coordinate systemsthe 0z axisis directed along the propagation path, Cartesian X, y, and cylindrical p coordinates
lie in the orthogonal plane, t is the time, n=(sin@cosg, Sin@sing, cosh) is the scattering unit vector in the
direction of propagation, 8 and ¢ are the zenith and azimuth angles, n, is the unit vector in the direction of

propagation, Q is the total solid angle, and v is the velocity of light in seawater. All angles here are determined
inside the body of water.
The boundary condition just below the surface is expressed as:

2 1-nn
L(t,r,n),_, = Lo(t,p,n) = Py Ac exp[— ZZ 270 ] 8(1). 12)
E 6

To solve Egn. (11), the double-sided Laplace transform (Morse and Feshbach, 1953) of radiance isused. It is
defined by the following equations:

L(t,r,n)_z— jL (r,n)e”dp, L,(r,n)= jL(t,r,n)e Pt . (13)

—joo

With the introduction of anew parameter € = c+ p/ v, the Laplace transform of Egn. (11) can be rewritten as

(nV, +¢e)L,(r,n)= LJ' L,(r,n) p(nn’)dn’, 19
4r )
with the boundary condition
L) =P AEexp( ”"2 21‘ﬂ). (15)
4pe Dy

It is convenient for further calculations to split the light radiance into two parts, forward ( L ;) and backward
(L,,) ones:

L n):{ Lu(r,n)=L,(r, n), neQ,, 16

Loo(r,n)=L,(r,—n),neQ, .

Equation (14) in terms of Egn. (16) can be represented as the following system of equations for the forward
and backward radiances:

(nV, +¢) Lpl(r,n) =— j Lpl(r n) p(nn”)dn’ + _[Lpz(r n) p(-=nn’)dn’,

(17)
(-nV, +&)L,,(r,n)= _[Lpl(r n) p(-nn’)dn’ +— f L,2(r,n) p(nn’)dn’.
By using Egn. (10) for the phase function of scattering, Egns. (17) may be rewritten as:
(V, +&) Ly (r,n) =Q(r,n)+Ay(r.n),
(=nV, +€)L,,(r,n)=Q,(r,n)+A,(r,n), (18)
where

Q(r,n)= b(i; f) J L, (r,n) p,(nn’)dn’ + ﬂ j L,.(r,n) p_(nn")dn’, (19)
Q,(r,n) = b1 1) JLpz(r n) p, (nn”)dn’ + prl(r n) p_(nn’)dn’, (20)
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A,(r,n) = %é[ Loy(r,n) p_(-nn")dn’ + b(z; ) J L,2(r,n) p,(-nn’)dn’, (21)
A,(r,n)= %é[ L, (r,n) p_(-nn")dn’ + b(i; N J Loy (r,n) p,(-nn’)dn’”. (22)

2.2 Small-Angle Approximation
Let us choose the phase function components p, and p_ in such a manner that their tails in the backward

hemisphere are exponentially small, so that
A, << |Q]| and |A,| <<|Qy|. (23)

The resulting phase function from Eqgn.(10) with its parts satisfying the inequalities above still gives us a
very satisfactory approximation for arealistic ocean phase function (Haltrin, 1984).

Let us solve Egns. (18) in the small-angle approximation (Wells, 1982; Walker, 1987; Arnush, 1972; Dolin
and Levin, 1991) with the phase functions described above. We should also make the following simplifications that
aretypical for the small-angle approximation:

n=n,+s, n,=(0, 0, 1-5/2), nVrz(l—%sz)%+sz, p.(Nn") = p,(s] ,

nn"=1-(n-n")?/2, n-n"=s, n"=n+(n"-n)=1+(s-5),

Li(r,n) = L, (zp,9), L(r,n")— L;(zp,s-5). (24)

Now we have the approximate system of equations for the Laplace transforms of radiances:

1,)0 }
1--s" | —=+sV,+e[Ly(zp,9)=Q(zp,9),
[( 2 )‘92 i (25)

[—(1—%32)%_ SV, + g] Lo(zp.9)=Q (20,9

The Fourier transform of radiance in the plane that is orthogonal to the direction of the pulse propagation is:

Ly(zp.9) = [[dkdg Fy (z.k,q)e ™, (26)
F,(zk,q)= ﬁ” dpds L (z p,s) . 27

Now we have the following system of eguations for the Laplace-Fourier transforms of the forward and backward
radiances:

[ (l— lsz)i - ki + 8:| Fpl(Z, qu) = V+(q) Fpl(z' k’ q) +V—(q) FPZ(Z’ k’ q)’
2 )Joz AN 29)
{—(1— %52)% +k % + e] F2(zk,q)=V,(q) F,(zk,q)+V (q) F.(zk,q),
where
Vi@ = 2 o, g)e as= 21 a0y p (@00 (29
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and J, isthe zero-order Bessel function. Retaining only terms proportional to g, we get:

V.(q)=b@- f)-b(6%)q°/ 4,
(@) =b(1-f)-b(6%)q } @)

V.(@)=bf-b{(x-6)")q’/4,
where the angular brackets (...) denote averaging over the phase function given by Eqgn. (10) according to the rule:
1 1
(x(w) = [ U x(ydu . G
-1
Equations (28) for the light pulse components should satisfy the following boundary condition:

2 kZ D 2
Fa(zk, Q)  =Fo(ka)=PRyexp -2 = | (32)
=0 V3 4

Now we can estimate the terms in the left part of Eqn. (30) which are proportional to s*:

5S ELi~<(9>cLi. (33
At the same time our corrections due to the phase function in Eqn (27) have the following order of magnitude:
b 2 2 2 1
—(6:)q° L, ~b(6”")—< L, ~bL,. 34
4< Z)a (6%) (0% (34

So, if the condition (02><< o, holds, all terms which are proportional to s” in the left part of Eqn. (28) may be
neglected. With thisin mind, Eqns. (24) acquire the following form:

J d 2 2
(E_k£+a+ﬁlq JFpl(z,k,q)— (bf - B,9%) F,(zk,q) =0,

2 d d 2 _
_(bf_ﬁzq ) Fpl(zvkvq)+ (_§+k£+a+ﬂlq )FPZ(Z,k,C])—O,

(35

where o = a+bf + p/v, B,=b<6?>/4 and B, = b< (7 —6)* >/4, and the boundary condition for Egns. (35) is
given by Eqgn. (32).
Next, let us represent the downward pulse radiance as a sum of the unscattered part Fp? (the source) and the

scattered part Fj:
Fu(zk,q)=F3(zk,q)+F;(zk,q). (36)

The backward pulse radiance consists only of scattered radiation F,(zk,q) = F,(zk,q). The unscattered forward
pulse radiance Fle satisfies the following propagation equation:

9 9 2| o _
(az kaq+a+ﬂlq)Fpl(z,k,q) 0, (37)
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with the same condition on the boundary given by Eqgn. (29). The solution to Eqgn. (37) is given by the expression:

Fa(zk,0)=F(k,q+k2) exp{—ofz— B.f (a+kn)? dn} - (38)

This expression can also be represented by the following analytical formula:

2
F3(zk,q) = Poexp{—pE———— a+79kq+ﬁlq2)z—(DT"k2 ﬁtﬂlkq)z2 —ﬁl%z”} . (39)
T

The scattered parts of the forward and backward radiances of the pulse are satisfied by the following equations:

(_i+k%+“+ﬂlq2J Fr2(zk.q) = (bf - B,0%) FR(z k.q),

oz
5 5 (40)
( E—kawﬂiqz) Fo(zk,q) = (bf - B,9°) F(zk,q),
with the boundary conditions
F;l(z,k,q)L:O =0, lim,,_Fi(zk)=0, i=12. (41)

The next step, according to the method given by Both (1929), Snyder (1949) and Romanova (1968), involves
the following substitutions:

a=9g-kz, F;(zk,q) =F;(zk,g-k2 =} (zk,0), (42)

which convert Egns. (40) into the following one-dimensional system of two equations:

|- S o Bulo-ka? | oi(zko)=[of -, (9~ k] Fzk.g- k),
dz

[ %+(x+ﬁl (9- kz)z] @%,(zk,9) = [bf - B, (g-k2)*| @3,(z.k,Q).

43

The solutions to Egns. (43) can be found with the help of the following two (forward, G, , and backward, G_) Green
functions (Vladimirov, 1971):

G.(zk,9) = H(+2) exp[¢w¢ ﬁlj(g—kn)"’dn]. (44)
0
which are solutions to the equations:

[timwl(g—kz)z] G.(zk,9) =58(2), (45)

where H(2) (H=1, for z>0, H=0, for z<0) isaHeavyside or step function (Morse and Feshbach, 1953).
The final solutionsto Egns. (43) are:

0%, (2k,9)= [ G (z-£k,9)[bf - B,(g-k&)?|F(E k. g—ké)dE, (46)
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®3,(2k,9) = [ G, (z- & k,0) [bf - B,(g— k&)’ | @5, (£ k, 9))dE+Cy (K, 0) exp{—az—ﬁl [(g- kn)zdn} . (@)

where C,(k,g) isan arbitrary function that is determined by the boundary condition.
After simplification, we obtain the following expressions for F;:

F.1(zk,q) = F7(k,q+k2) exp[-az— B, [ (q +kn)* dr]] {1+ [ dg[bf - B,(a-k&)*]x

(49)
z 0 &
x exp[-p, [ (q+kmn)?dn] [ de[bf — B,(a—k&+Kke) |exp[20c - B, [(a- kn)zdn]},
&z - ¢
0 z-¢
Fo(zK,0) = F)(k,q+k2) e [dE[bf - B,(q—kz+kE)*|exp[20€ - B, [(q—km)dn] . (49)

¢
2.3 Detector Response to the Infinitely Short Laser Pulse Reflected from Water
After theintegration of the received radiances over the sensitive area of the detector, the relative (normalized by
the pulse power R,)) response of the detector placed at the depth z will be

z

5 " Ve—a(w+z) o(w 2 Ve—a(w+z) d
nl(Z’W): (2) + ( )(ﬁpA) 4 3 g , (50)
14| Po| |14 2P0 |%Z 2a,+2D,(2&° -~ wé)+ D100(+2W§2—W2§)
Pa 355 A 0 3
where
al=pi+p§+$§ZZ+D2W2+%(4ZS+W3), w=vt-2z, (51
Bv
n,(zZ,w) = D O(w) exp[—ot (Ww+ 2)],
2 " 2 (52)
D :1+[&) +D, (1+ M)[ﬂJ +(1+MZJ(£].
N Pa 3D, )\ pa 35 )\ pa
At z =0, the detector response to the reflected pulse will be;
a,0(r)e”’
=207 53
DR v (53
where
7
T=t/t,, t,=(av)™", a = 8, f > (G
[1- 05~ D)][1+(pe/ po)’]
a, = n D, Tw,(1-f)D; (55)

8c(p2 + p2)[L-wo0- DF ° 24c2(p2 + p3)[1-wo(1- 1)

where f isthe weight coefficient in Egn. (10).

The values of n, calculated according to Eqgns. (53)-(55) were compared with the results computed with the
Monte Carlo code by Kattawar (1992). The discrepancies between the natural logarithms of the 77, computed by both
these methods for inherent optical properties and phase functions by Petzold (1972) do not exceed 15%.
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3.0 CONCLUSIONS

Relatively simple analytical equations derived in a small-angle scattering approximation have been obtained for
the infinitely short light pulse reflected by seawater. These equations depend on the inherent optical properties of
seawater, as well as the parameters of the pulse and receiver. They can be transformed into equations for an
arbitrarily-shaped pulse by a simple convolution procedure. The logarithmic precision of these equations is estimated
to be in the range of 15%. The results of this paper can be used for algorithms connected with the rapid assessment
of water properties from remote airborne and shipborne platforms.
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