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Abstract — In this presentation a one-parameter model of
marine two-term Henyey-Greenstein (TTHG) phase function is
proposed. The original three-parameter TTHG phase function was
reduced to a one-parameter TTHG phase function by utilizing
experimental regression dependencies between two integral
parameters of the phase function, average cosine and average
square of cosine of scattering angle, with the probability of
backscattering. An algorithm and FORTRAN program to calculate
one parameter two-term Henyey-Greenstein phase function of
scattering is presented.

INTRODUCTION

An analytic Henyey-Greenstein (HG) scattering phase
function is very popular in radiative transfer calculations in
astrophysics [1] and atmospheric and oceanic optics [2]. This
phase function is very convenient for numeric and Monte
Carlo calculations because it has a simple representation in
the form of Legendre polynomials series and it allows easy
calculation of asymptotic radiance distributions.
Unfortunately, the shape of the HG phase function
inadequately represents the shape of realistic atmospheric and
marine phase functions. For the case of atmospheric optics
this shortcoming was successfully resolved by G. Kattawar
[3] who proposed a two-term Henyey-Greenstein phase
function (TTHG). Unfortunately, Kattawar’s TTHG phase
function is not applicable to marine waters because it utilizes
specific properties of atmospheric phase functions. In this
paper a similar approach is adopted but for oceanic water.

APPROACH

The Henyey-Greenstein phase function [3, 4] has the
following analytic form:
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here ϑ  is a scattering angle and parameter g  is equal to the

average cosine cosϑ  over angular distribution (1) defined as:
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Phase function (1) has the following representation in
Legendre polinomial series:
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An average of squared cosine for phase function (1) is:
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and probability of backscattering is defined by equation [4]:

 B p g d
g

g

g

g
HG= = − +

+
−











−
∫

1

2

1

2

1

1
1

1

0

2
( , )µ µ . (5)

Henyey-Greenstein phase function has remarkable analytical
properties, but it is ill-suited to model scattering in real
seawater because its shape differs significantly from the shape
of marine phase functions [4].

To overcome this shortcomings and retain all desirable
properties of HG phase function a TTHG phase function was
chosen as proposed by Kattawar [3]:
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The phase function (6) has the following decomposition in
Legendre polinomial series:
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Its integral parameters are given by the following formulae:
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In order to reduce the number of parameters α, ,g h( )  in

this phase function (6) a relationship between integral
parameters is derived from experimental measurements. A
number of regression relationships between integral
parameters of phase function are given in paper by
Timofeyeva [5]. These relationships are rewritten in form
convenient for the purposes to eliminate the extra parameters
in Eq. (6). These new regressions are represented as follows:
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Relationships (11)-(12) are considered much better than the
original ones given in Ref. [5] because they give values of
parameters that lie in the range of experimental error for
0 05 0 25. .≤ ≤B  and satisfy asymptotic conditions at B = 0
(delta-shaped scattering) and B = 0 5.  (isotropic scattering).

By solving relationships (11),(12) with Eqs. (8)-(10), we
have the following connections between parameters α, h( )
and parameter g :
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Figure 1. Dependence of integral parameters ( , cos , cos )B ϑ ϑ2

of the marine TTHG phase function on parameter g
in Eq. (7).
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Figure 2. Samples of marine TTHG phase functions for
different values of parameter g  computed with the
program TTHGmwater.
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Substitution of Eqs. (13) and (14) in Eq. (7) gives us a
one-parameter two-term Henyey-Greenstein phase function of

scattering with integral parameters ( , cos , cos )B ϑ ϑ2  adjusted
to the experimental relationships given by Eqs. (11) and (12).

CONCLUSION

It is shown that a realistic marine phase function may be
represented as one parameter two-term Henyey-Greensteyn
phase function that has the same dependencies between
integral characteristics of the phase function. In some cases
this phase function may be more preferable than Fournier-
Forand [6] or analytic form of Petzold phase functions [4].
The proposed phase function may be very convenient for
radiative transfer modeling [7-10].
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APPENDIX: A PROGRAM TO CALCULATE ONE
PARAMETER MARINE TWO-TERM HENYEY-

GREENSTEIN SCATTERING PHASE FUNCTION

c            program TTHGmwater
c  written by Vladimir I. Haltrin, NRL Code 7331
c     e-mail: <haltrin@nrlssc.navy.mil>
c     This program is free for public use
      implicit    none
      integer     i
      real*10     g,gmin,eps,B,mu,m2
      real*10     ang(361),phf(361)
      character   tb
      data        gmin /0.30664/,eps /0.000001/

      open(11, file='g.in', status='old')
         read(11,*) g
      close(11)

      if (g.lt.gmin) g = gmin
      if (g.gt.(1.-eps)) g = 1.-eps

      call calcall(g, B,mu,m2)
      call calcphf(g, ang,phf)

      tb = CHAR(9)
      open(22, file='tthgphf.out', status='new')
         write(22,77) 'g = ', g
         write(22,77) 'B = ',B
         write(22,77) '<mu> = ',mu
         write(22,77) '<mu^2> = ',m2
         write(22,*)
         write(22,88) 'ang',tb,'phf'
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         do i=1, 361
               write(22,99) ang(i),tb,phf(i)
         end do
      close(22)

  77  format(a9,g12.5)
  88  format(a3,a1,a3)
  99  format(f6.1,a1,g12.5)
      end

      subroutine calcall(g, B,mu,m2)
      implicit   none
      real*10    g,B,mu,m2, falfa,fb, h,alf,h2
      h = -0.3061446+g*(1.000568+g*(0.03643748*g
     &    -0.01826332))
      alf = falfa(g,h)
      mu  = alf*(g+h)-h
      h2  = h*h
      h2  = alf*(g*g-h2)+h2
      h2  = h2+h2
      m2  = (1.+h2)/3.
      B = alf*fb(g)+(1.-alf)*fb(-h)
      return
      end

      subroutine calcphf(g, ang,phf)
      implicit   none
      integer    i
      real*10    g,B,mu,m2, falfa,fb,fpHG
      real*10    h,alf,h2, angi
      real*10    ang(361),phf(361)
      h = -0.3061446+g*(1.000568+g*(0.03643748*g
     &    -0.01826332))
      alf = falfa(g,h)
      do i=1,361
         angi = 0.5*(i-1)
         ang(i) = angi
         mu = COSD(angi)
         phf(i) = alf*fpHG(mu,g)+(1.-alf)
     &            *fpHG(mu,-h)
      end do
      return
      end

      real*10 function fpHG(mu,g)
      implicit   none
      real*10    mu,g,g2,z
      g2 = g*g
      z = mu*g
      z = 1.-z-z+g2
      z = z*SQRT(z)
      fpHG = (1.-g2)/z
      return
      end

      real*10 function falfa(g,h)
      implicit   none
      real*10     g,h,z
      if (g.eq.0.0.or.g.eq.1.0) then
         falfa = 1.
      else
         z = (g+h)*(1.-g+h)
         falfa = h*(1.+h)/z
      end if
      return
      end

      real*10 function fb(g)
      implicit   none
      real*10     g,f
      if (g.eq.0.) then
         f = 1.0
      else
         f = (1.-1./g)*(1.-(1.+g)/SQRT(1.+g*g))
      end if
      fb = 0.5*f
      return
      end

-------------------------------------------------
file “g.in”:
0.9995        <-- g  (0.30664 ≤ g ≤ 1.0)
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